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Abstract 

We compute the strangeness content of the baryon ground states based on an anal- 
ysis of recent lattice simulations of the BMW, PACS, LHPC and HSC groups for 
the pion-mass dependence of the baryon masses. Our results rely on the relativistic 
chiral Lagrangian and large- N c sum rule estimates of the counter terms relevant for 
the baryon masses at N 3 LO. A partial summation is implied by the use of physical 
baryon and meson masses in the one-loop contributions to the baryon self energies. 
A simultaneous description of the lattice results of the BMW, LHPC, PACS and 
HSC groups is achieved. We predict the pion- and strangeness sigma terms and the 
pion-mass dependence of the octet and decuplet ground states at different strange 
quark masses. 



1 Introduction 

The study of the quark-mass dependence of hadron masses is of great impor- 
tance to unravel the intricate QCD dynamics at low energies. It provides a 
bridge between effective field theory approaches and lattice simulations. By 
now, various unquenched three flavor simulations for the pion-mass depen- 
dence of the baryon ground state masses are available [1,2, 3, 4. 5. 6. 7118]. Less 
well studied is the kaon-mass dependence of the hadron masses. 

The purpose of this Letter is to present detailed predictions on the strangeness 
content of the baryon octet and decuplet ground states. This is possible using 
the available lattice data on the pion-mass dependence of the baryon masses. 
Given a systematic analysis based on the chiral Lagrangian, the strange-quark 
mass dependence of the baryon masses can be calculated. Such results scru- 
tinize the consistency of the chiral extrapolation approach and lattice simu- 
lations of the baryon masses. Variations of the baryon masses along suitable 
pathes in the pion-kaon mass plane are important to improve the determi- 
nation of the low-energy parameters of QCD as encoded into the chiral La- 
grangian. 
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Our work is based on the relativistic chiral Lagrangian with baryon octet 
and decuplet fields where effects at N 3 LO (next-to-next-to-next-leading or- 
der) are considered systematically. The details of the approach are published in 
[9]I10|I11] . The chiral extrapolation of baryon masses with strangeness content 
is controversially discussed in the literature [T0f3fl2|ll3|ITTf8] . A straight for- 
ward application of chiral perturbation theory appears futile (see e.g. [3lfT2|8] ). 
A crucial element of our scheme is the use of physical baryon masses in the 
one-loop contribution to the baryon self energies. Furthermore, the low-energy 
constants required at N 3 LO are estimated by sum rules that follow from QCD 
in the limit of a large number of colors (N c ) p^fTT] . Our approach was success- 
fully tested against the available lattice data on the nucleon and omega masses 
of the BMW group [5]. Based on a fit to the BMW data, we obtained results 
that are in qualitative agreement with the predictions of the HSC group [I]. We 
challenge our approach further against recent lattice data from the PACS and 
LHPC groups [3ll8] . which assumed strange-quark masses significantly larger 
than the physical one. Furthermore, we aim at a quantitative description of 
the HSC data taking into account their slightly too small strange quark mass. 

Since we obtain a simultaneous and quantitative description of the lattice data 
of the BMW, PACS, LHPC and HSC groups, we find it justified to present 
detailed results on the strange-quark mass dependence of all members of the 
baryon octet and decuplet states. In particular, we confront our parameter 
set against recent analyses of the BMW and QCDSF-UKQCD groups on the 
pion- and strangeness-sigma terms of the baryon octet states [71ll5|ll6] . 



2 Chiral extrapolation of baryon masses 

We consider the chiral extrapolation of the baryon masses to unphysical quark 
masses. Assuming exact isospin symmetry, the hadron masses are functions of 
m u = rrid = m q and m s . The dependence on the light quark masses may be 
traded against a dependence on the pion and kaon masses. It is conventional 
to display the baryon masses as a function of the squared pion mass at fixed 
strange quark mass. The 'physical' strange quark mass is determined such that 
at the physical pion mass the empirical kaon mass is reproduced. Throughout 
this work we follow our approach as documented in [9|10llll| . In particular, we 
assume a quark-mass dependence of the pion and kaon masses as predicted 
by %PT at the next-to- leading order with parameters as recalled in [IT]. The 
baryon masses are computed at N 3 LO where we use physical baryon and meson 
masses in the one-loop contributions to the baryon self energies and assume 
systematically large- N c sum rules for the parameter set. 

In our previous work [UJ we adjusted the parameter set to the physical masses 
of the baryon octet and decuplet states and to the results for the pion-mass 
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1.0961 


bo [GeV- 1 ] 


-0.9086 
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c 6 [GeV- 3 ] 
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-1.4208 


-1.2841 
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-0.2089 


-0.5068 


-0.3618 


Co [GeV" 2 ] 


1.1279 


0.9520 


0.8778 


1.0921 


Cd [GeV- 2 ] 


0.2848 


0.3360 


0.3432 


0.2928 


Cf [GeV- 2 ] 


-0.2221 


-0.2973 


-0.3068 


-0.2338 


Co [GeV- 2 ] 


1.1964 


1.0558 


1.0425 


1.1753 



Table 1 

The parameters are adjusted to reproduce the empirical values of the physical 
baryon octet and decuplet masses and various lattice data as described in text. 

dependence of the nucleon and omega masses as predicted by the BMW group. 
An accurate reproduction of the physical baryon masses and lattice data was 
achieved. All parameters, except of the symmetry preserving counter terms 
relevant at N 3 LO, were considered. Given the large- N c sum rules of [14] . there 
are 5 independent parameters only, which were all set to zero. The latter have 
a rather minor effect on the baryon masses and can be determined only with 
very precise lattice data. For details of the fit strategy and the definition of 
the various parameters we refer to [IT] . The parameters of that Fit are 
recalled in the 2nd column of Tab. 1. From the 16 parameters shown in Tab. 1 
eight parameters were used to recover the exact physical baryon masses. Two 
further parameter combinations were found to be redundant. That left six free 
parameters only to reproduce the eight lattice data of the BMW group. 

While the results of the BMW group are for a physical strange quark mass, 
the results of the PACS and LHPC groups rest on significantly larger strange 
quark masses. The HSC group uses strange quark masses that are slightly 
smaller than the physical one. Given a lattice data point with specified pion 
and kaon mass, we determine the corresponding quark masses, which are then 
used in the computation of the baryon masses. In the following, we consider 
three scenarios leading to three distinct fit strategies. Like in our previous 
works [TTf!?fl0llll| . we use F ~ 0.45 and D ~ 0.80 together with the values 
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H = 9 F — 3 D and C = 2D as implied by large- N c sum rules and / = 92.4 
MeV for the chiral limit value of the pion decay constant. 



In our first scenario we supplement the BMW data with the recent results 
from the LHPC group as presented in [8]. As suggested in this work, it may 
be advantageous to consider the following three particular mass combinations 



Ri = 7E (M N + M A + 3M S + 2M=) - — (4M A + 3M S . + 2M=,+ M n ) 

I N ' 60 v J 

6 Mn + M\ — 3 Ms - 4M 3 ) - — (2M A - Ms* - M n ) , 



48 v - ' 60 

„ 

78 ^ ^ 39 

R 4 = i (m^ + M a -3M e + M s ) , (1) 

for which an improved analysis was provided. In Tab. [2] we recall the values 
for the three mass relations in at three different sets of pion and kaon 
masses from [8]. We included the nine lattice data points into our \ 2 function 
and obtained the parameter set shown in the third column of Tab. 1. Like for 
our previous results, the parameter set is a consequence of adjusting six free 
parameters only to the considered lattice data. The physical baryon masses are 
reproduced exactly. While the BMW data are still described with x 2 /N — 0-7, 
the LHPC data are described by our Fit 1 with x 2 /iV ~ 9.2. We note that the 
rather small uncertainties in the lattice predictions, as recalled in Tab. [2] from 
[8], are based on a single-lattice spacing and do not yet consider effects from 
finite lattice volume corrections. The largest discrepancy of any of our masses 
as compared to the corresponding lattice result is decreasing with increasing 
pion masses. For the smallest pion mass, where one would expect the largest 
corrections from finite volume effects, the discrepancy is less than 18 MeV. If 
we assign an ad-hoc systematical error of the form 



A = 3 GeV , (2) 

L m n 

we find for the LHPC data x*/N ~ 2.9 with L ~ 2.5 fm of [2\. The rough 
estimate ^ of finite volume effects is in line with the recent results of [T8|Tl3] . 
We conclude that the BMW and LHPC data sets can both be described by 
one parameter set. We checked that, though already our original parameter set 
leads to a qualitative description of the LHPC data, a combined fit improves 
the description of the LHPC data significantly without affecting the excellent 
reproduction of the BMW results. This reflects the fact that the BMW data 
alone do not define a steep minimum in our \ 2 function. 

Our second scenario considers the combined results of the BMW and PACS 
groups. In Tab. [3] we recall the results of the PACS group at 4 different sets of 
pion and kaon masses. We added the contribution of the 32 lattice points to 
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Table 2 

Mass relations i?i , R3 and -R4 in units of MeV for different values of pion and kaon 
masses. The lattice results are taken from [8]. 

the x 2 function and searched for its minimum. The resulting parameters are 
collected under Fit 2 in Tab. 1. This fit describes the PACS data with x 2 /iV ~ 
1.4. The quality of the description of the BMW data is still excellent with a 
X 2 /N ~ 0.8. It is interesting to compare the size of the various parameters of 
the three fits 0, 1 and 2. All parameters have quite similar values suggesting 
a high level of compatibility of the different lattice data sets. 

In our third scenario we consider the combined lattice results of the BMW, 
LHPC and PACS groups. The minimum of our x 2 function is obtained with the 
parameter set of Fit 3 in Tab. 1. Again, the physical masses are reproduced 
exactly. The minimum of the x 2 function is reached by the variation of six 
free parameters only. This fit describes the LHPC data with x 2 /N — 3.9, the 
PACS data with x 2 /N ~ 1.7 and the BMW data with x 2 /N ~ 0.7. Detailed 
results are included in Tab. [2] and [3j We find this an encouraging result giving 
us high confidence in the extracted low-energy constants as collected in Tab. 
1. 

In Fig. [l] we show the pion-mass dependence of the baryon masses as implied 
by the three parameter sets of Tab. 1. The solid lines follow with parameter 
set 3, the dotted lines with set 2 and the dashed lines with set 1. The results 
are confronted against the lattice data from the BMW and HSC groups. The 
spread in the three lines is comfortably small. We recall that the HSC data 
rely on a slightly too small strange quark mass. Therefore, the HSC data 
points should not be compared quantitatively with any of the lines in Fig. 
1. Our three line types assume a physical strange quark mass as required by 
a comparison with the BMW data points. In order to provide a quantitative 
comparison, we compute the baryon masses for the pion and kaon masses as 
assumed by the HSC group. The filled circles show our results based on the 
parameter set 3. The distance of the filled circles form the solid lines in Fig. [T] 
measures the importance of taking the precise physical strange quark mass in 
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Fig. 1. Baryon masses as a function of the squared pion mass at the physical strange 
quark mass as explained in the text. 
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Table 3 



Baryon masses in units of MeV. The lattice results are taken from [3]. 

the computation of the baryon masses. Most prominent is the effect in the pion- 
mass dependence of the omega mass, where the filled circles are reasonably 
close to the predictions of the HSC group. The HSC data set is described 
with a x 2 /N ~ 1.0. Assuming parameter set 2, we obtain an almost as good 
description with x 2 /N — 1-1- The parameter set 1 leads to a significantly 
worse description with /N — 3.5. 

In the remaining part of this section we wish to explore how to further improve 
the determination of the low-energy constants. This is a crucial issue in view of 
the additional five symmetry conserving parameters that were not considered 
so far. We feel that an inclusion of those five parameters in our \ 2 function 
would not be significant at this stage. The total x 2 /N — 1.6 computed for all 
lattice points considered here is too close to one. A more detailed estimate of 
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Fig. 2. Pion-mass extrapolation of the baryon octet and decuplet masses in the 
flavor symmetric limit. 



systematic lattice effects like finite volume effects or the influence of smaller 
lattice spacings would be necessary. Given the small spread in our predictions 
for the pion-mass dependence of the baryon masses at physical strange quark 
mass, we find it useful to consider the flavor symmetric extrapolation with 
m q — m s , where the baryons form a degenerate octet and decuplet. In Fig. [2] 
the octet and decuplet masses are shown as a function of the pion mass. In the 
limit of vanishing pion masses the figure predicts the three-flavor chiral limit 
value of the baryon masses. These values are of crucial importance in any 
effective field theory approach to hadron physics involving strangeness. We 
suggest that QCD lattice collaborations perform simulations for such a flavor 
symmetric case. Even results at semi-heavy pion masses would be very useful 
to further constrain the flavor singlet parameters of the chiral Lagrangian. 



We close the discussion of the chiral extrapolation by showing in Fig. [3] our 
predictions for the pion-mass dependence of the baryon masses at an unphysi- 
cal strange quark mass. At the physical pion mass our particular choice implies 
a kaon mass of 400 MeV. Our results suggest that such lattice simulations, 
in particular of any the decuplet masses, would be quite discriminative and 
therefore extremely useful in the path of establishing QCD's low energy pa- 
rameters. 
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Fig. 3. Baryon masses as a function of the squared pion mass at an unphysical 
strange quark mass as explained in the text. 
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3 Pion and strangeness baryon sigma terms 



The pion- and strangeness baryon sigma terms play an important role in vari- 
ous physical systems. For instance, the pion-nucleon sigma term is of greatest 
relevance in the determination of the density dependence of the quark con- 
densate at low baryon densities and therefore provides a first estimate of the 
critical baryon density at which chiral symmetry may be restored (see e.g. 
[19]). Similarly, the kaon-nucleon sigma terms are key parameters for the de- 
termination of a possible kaon condensate in dense nuclear matter [20] . 

Assuming exact isospin symmetry with m u = ma = Tn q , the pion-nucleon 
sigma term reads 



d 

a nN = m q (N(p) \qq\N(p)) = m q g^ m N ■ 



(3) 



The pion-sigma terms of the remaining baryon states are defined analogously 
to (J3]). As indicated in ([3]), the matrix elements of the scalar quark operator 
are accessible via the derivative of the nucleon mass with respect to the light 
quark mass m q . This follows directly from the Feynman-Hellman theorem. The 
strangeness sigma term <j s n of the nucleon is determined by the derivative of 
the nucleon mass with respect to the strange quark mass m s : 



d 

a sN = m s (N(p) \s s\N[p)) = m s 7^ m JV • 



(4) 



In Tab. |4]we present our predictions for the pion- and strangeness sigma terms 
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Table 4 

Pion- and strangeness sigma terms of the baryon octet states in units of MeV. 



10 







Fit 1 


Fit 2 


Fit 3 




55(4J(48) 


Q7 
o 1 




oo 


w 7TZj 


sgfsvis) 


31 


26 


26 




22f3)f7) 


22 


15 


17 




5(21(1) 


14 


7 


9 




56(24)(1) 


DO 

o2 


U 


O O 




160(28)(7) 


255 


167 


200 




274(32)(9) 


425 


320 


371 




360(34) (26) 


559 


460 


503 



Table 5 

Pion and strangeness sigma terms of the baryon decuplet states in units of MeV. 



of the baryon octet states. They are compared with two recent lattice determi- 
nations [7|T5] . Our values for the sigma terms are in reasonable agreement with 
the lattice results. We find it encouraging that our values are compatible with 
both lattice groups within one sigma deviation in almost all cases. In particu- 
lar, we obtain a rather small value for the pion-nucleon sigma term, which is 
within reach of the seminal result a n N = 45 ± 8 MeV of Gasser, Leutwyler and 
Sainio in [21]. The size of the pion-nucleon term can be determined from the 
pion-nucleon scattering data. It requires a subtle subthreshold extrapolation 
of the scattering data. Despite the long history of the sigma-term physics, the 
precise determination is still highly controversial (for one of the first reviews 
see e.g. [22] )• Such a result is also consistent with the recent analysis of the 
QCDSF collaboration [16], which suggests a value a n N = 38 ± 12 MeV. Our 
best estimate for the strangeness sigma term of the nucleon with <j s n — 2 MeV 
is compatible with the currently most precise lattice prediction cr sN = 12ltf| 
MeV in p]. 

In Tab. [4] we recall also the results of a chiral extrapolation attempt of the 
recent PACS data by Camalich et al. [12]. The analysis is based on the baryon 
masses truncated at N 2 LO with phenomenologically adjusted values for the 
meson-baryon coupling constants. For almost all sigma terms we find signif- 
icant differences to our results. This may reflect the significantly much less 
accurate reproduction of the PACS data and the physical baryon masses in 

We turn to the sigma terms of the decuplet states, for which our predictions 
are compiled in Tab. [5} Again, we compare our values with the ones obtained in 
[12] . Like in the case of the baryon octet states there are significant differences. 
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4 Summary and outlook 

In this work we presented the first simultaneous and quantitative description 
of the baryon octet and decuplet masses as computed by four different lattice 
groups, BMW, LHPC, PACS and HSC. Using the chiral Lagrangian at N 3 LO 
we obtained a universal parameter set that leads to a quantitative reproduction 
of the baryon masses and the lattice simulation data at different pairs of pion 
and kaon masses. While the physical masses are reproduced exactly, the lattice 
data are successfully fitted with six free parameters only. The total x 1 /N — 1-6 
of all considered lattice data is amazingly small. This suggests a high level 
of compatibility of the different lattice data sets. Based on this result, we 
predicted the pion and strangeness sigma terms of all baryon ground states. 
Assuming different lattice data as input, we find rather small variations in our 
predictions only. In particular, we obtain a quite small pion-nucleon sigma 
term of about 32 + 2 MeV and an even smaller strangeness sigma term of the 
nucleon of about 2 MeV for our best parameter set. 

In order to further diminish the residual uncertainties in the low-energy con- 
stants of QCD, we presented predictions for the pion-mass dependence of 
the baryon masses in the flavor symmetric limit and for a somewhat reduced 
strange quark mass. Future lattice simulations along those pathes in the pion- 
kaon plane would help to consolidate our parameter set and may lead to the 
determination of the additional five flavor symmetric counter terms that were 
not considered yet. The latter play a decisive role in meson-baryon scattering 
processes at next-to-leading order already. 
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